ON THE MAXIMAL SCARRING FOR QUANTUM CAT MAP 

EIGENSTATES 



FREDERIC FAURE AND STEPHANE NONNENMACHER 

Abstract. We consider the quantized hyperbolic automorphisms on the 2-dimensional 
torus (or generaHzed quantum cat maps), and study the locaHzation properties of their 
eigenstates in phase space, in the semiclassical Hmit. We prove that if the semiclassical 
measure corresponding to a sequence of normaHzed eigenstates has a pure point component 
(phenomenon of "strong scarring") , then the weight of this component cannot be larger 
than the weight of the Lebesgue component, and therefore admits the sharp upper bound 
1/2. 



1. Introduction 

We are interested in the semiclassical properties of quantum maps on the two-dimensional 
torus T^, that is the unitary transformations Mh which quantize a symplectic map M 
on (h = 2nh is Planck's constant). More precisely, we focus of maps M having a 
chaotic dynamics (that is, at least ergodic w.r.to the Lebesgue measure), and investigate 
the phase space properties of the eigenstates of Mh in the semiclassical limit h —>■ 0. To 
any sequence of eigenstates {\xl'h)}h^o corresponds a sequence of probability measures on 
the torus {fih}h~*o- In the weak-* topology, the set of Borel probability measures on the 
torus is compact so the sequence {fih}h^o admits at least one accumulation point /i; such 
a /i is called a "semiclassical measure" (also a "quantum limit") of the map M, related with 
the sequence {\ilJh)}h^o- From Egorov's theorem, the measure n is invariant through the 
classical map M. A natural question is the following: 

«For any M-invariant probability measure z/, does there exist a sequence of 
eigenstates of the quantized map admitting z/ as semiclassical measure ?» 

If the answer is negative, then one wants to determine the set of semiclassical measures 
generated by all possible sequences of eigenstates. 

If the map M is ergodic (w.r.to the Lebesgue measure on T^), it admits a unique abso- 
lutely continuous invariant measure, namely the Lebesgue measure itself (which is also the 
Liouville measure on the symplectic manifold T^). On the other hand, each periodic orbit 
of M supports an invariant Dirac (atomic, pure point) measure. As a result, if M is an 
Anosov map (i.e. uniformly hyperbolic on T^), the space of invariant pure point measures 
is infinite-dimensional (its closure yields the full set of invariant probability measures DJIm 

m)- 
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We now review some results obtained so far on this issue. Schnirelman's theorem pro- 
vides a partial answer to the above question, in the case of an ergodic map: "almost all se- 
quences" of eigenstates admit for semiclassical measure the Lebesgue measure [IHl El EH E] • 
This phenomenon is called "quantum ergodicity" in the mathematics literature. Still, this 
theorem does not exclude "exceptional sequences" of eigenstates converging to a different 
semiclassical measure. 

Extensive numerical studies have shown that many eigenstates of quantum hyperbolic 
systems show an enhanced concentration on one or several (unstable) periodic orbits IH]. 
Still, it is commonly believed that this enhancement (called "scarring") is weak enough to 
allow the concerned eigenstates to converge (in the weak-* sense) to the Liouville measure. 
Thus, "scarring" must not be mistaken with "strong scarring", that is the existence of a 
sequence of eigenstates, the semiclassical measure of which contains a pure point component 
on some periodic orbit. 

"Quantum unique ergodicity", that is, the absence of any exceptional sequence of eigen- 
states, was proven for some families of ergodic linear parabolic maps on 13 CHI, using 
the fact that for these maps the Lebesgue measure is the unique invariant measure. On 
the opposite, a special class of ergodic piecewise afiine transformations on have been 
studied and quantized in (ij, for which every classical invariant measure is a semiclassical 
measure. In both these cases, the maps are only "weakly chaotic", in particular they are 
not mixing and have no periodic point. 

In the continuous-time framework, precise results have been obtained for the eigenstates 
of the Laplace-Beltrami operator on arithmetic manifolds of constant negative curvature in 
dimension 2 or 3 [13 CHI CSl GDI ; the corresponding classical dynamics, namely the geodesic 
flows on the manifolds, are known to be of Anosov type. E. Lindenstrauss [12] recently 
proved quantum unique ergodicity for sequences of joint eigenstates of the Laplacian and 
the Hecke operators on arithmetic surfaces (all eigenstates of the Laplacian are conjectured 
to be of this type). 

In this paper, we restrict ourselves to a very special family of Anosov maps on the torus, 
namely the linear hyperbolic automorphisms of the 2-torus, also called generalized Arnold's 
cat maps. For any automorphism A of the form A = ld mod 4 and any value of h, Rudnick 
and Kurlberg have deflned a family of "Hecke operators" commuting with the quantum 
map Ah, and proven unique quantum ergodicity for the sequences of joint eigenstates 
However, as opposed to the case of arithmetic surfaces, many eigenstates of Ah are not 
Hecke eigenstates, leaving open the possibility of exceptional sequences. In [2], Bonechi 
and De Bievre have shown that for any automorphism A, a semiclassical measure of A 
cannot be completely localized (or completely "scarred"), in that the weight of its pure 
point component is bounded above by (v^ — l) /2 ~ 0.62 (their proof, which assumes 
this component to be supported on finitely many periodic points, also applies to ergodic 
automorphisms on higher-dimensional symplectic tori). In sequences of eigenstates 
of Ah were explicitly constructed, for which the semiclassical measure has a pure point 
component of weight 1/2 localized on a finite set of periodic orbits, the remaining part of 
the measure being Lebesgue. In this paper we improve the results of [2] as follows: 
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Theorem 1.1. Let A be a hyperbolic automorphism ofT^, and fi be a normalized semi- 
classical measure of A. Splitting /i into its pure point, Lebesgue and singular continuous 
components, fi = fipp + fJ^Leb + fJ'sc, the following inequalities hold between the weigths of 
these components: fiLebiJ''^) > Aipp(T^), which implies /ipp(T^) < 1/2. 

The states constructed in |7j saturate this upper bound: they are "maximally scarred". 

After recalling the definition of the quantized automorphisms (Section [2l), we prove in 
Section ini two "dynamical" propositions (the first one was proven in p] in a more general 
context). They both deal with the evolution through Ah up to the "Ehrenfest time" T ~ 
\\ogh\/\, of quantum states with prescribed initial localization properties. Using these 
propositions, we then show in Section El that for any finite union S of periodic orbits, 
any semiclassical measure of A satisfies fi{S) < yULefe(T^) (Theorem HH} , from where the 
above theorem is a straightforward corollary. In final remarks, we draw consequences of the 
above theorem, concerning the determination of the set TIa,sc of semiclassical measures 
for the automorphism A. We also discuss possible extensions of these results to a broader 
class of Anosov systems. 

2. Quantum hyperbolic automorphisms on 

2.1. Quantum mechanics on T^. We briefly describe the quantum mechanics on the 2- 
torus phase space as deflned in |Hlll|. The Hilbert space of quantum states corresponding to 
Planck's constant h will be called TCh'- quantum states can be identifled with distributions 
ip{q) e S'{R) such that ipiq + 1) = V(g) and {J^ij){k + h'^) = {J^ip){k), where is the 
Fourier transform. TCh is a nontrivial vector space iff h^^ G N*, and then Hh — ■ 
In what follows, h will always be taken of that form; the semiclassical limit is therefore 
deflned as the limit h 0, h~^ G N. 

For any classical observable / G C°°(T^), we note respectively / = Oph{f) its Weyl 
quantization and = Op^^{f) its anti-Wick quantization on TCh [H]- The anti-Wick 
quantized operator satisfles the property H/'^^ll < ||/||oo = sup']i.2(|/|). To any state 
liph) £ TCh correspond the Wigner and Husimi measures fih, l^h deflned as 

(2.1) ~^hif)= [ dxW^,{x)f{x) = {i;h\fm, 

(2.2) /i.(/)=/ dxH^,{x)f{x)= f ^|(V;,|x)|V(a^) = (^.|/^^l^.). 

The ket |a;) denotes the (asymptotically normalized) coherent state in TCh localized at the 
point X = {q,p), with widths Aq ~ Ap ~ \/h/2. While the Husimi density H^^{x) is a 
non-negative smooth function on T^, the "Wigner function" IV^^(x) is a flnite combination 
of delta peaks with real (possibly negative) coefflcients. 

We now consider an inflnite sequence of states {\iph) G TCh}h-*o- By deflnition, the 
corresponding sequence of Husimi measures {fih} weak-* converges to iff for any smooth 

observable /, one has fih{f) /u(/). The sequence of signed measures {jlh} then admits 
the same weak-* limit {fih is the convolution of jlh by a Gaussian kernel of width ~ Vh). 
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The limit (Borel) measure fi is then called the semiclassical measure of the sequence 
{\i^h)}h-*o (by a slight abuse of language, we also say that the sequence of states {\iph)}h'^o 
converges to fi). 

If the states \iph) are (normalized) eigenstates of a quantized map Mh, then fi is called a 
semiclassical measure for M. In that case, Egorov's property, that is the semiclassical 
commutation of time evolution and quantization: 

(2.3) VtGZ, ||M*Op,(/)M-*-Op,(/oM*)|| ^0, 

implies that /i is an invariant measure for the classical map M. 

A sequence of states {\iph)}h^o is said to be equidistributed if it converges semiclassi- 
cally to (a multiple of) the Lebesgue measure on (noted dx), i.e. iff for a certain C > 
and for any observable /, fih{f) (equivalently fihif)) converges to C J^2dxf{x). On the 
opposite, a sequence {\ilJh)}fi^o is called localized iff it converges to a pure point measure 
on T^, that is if there exists a countable set of points {xi} and weights > 0, J2i cti < oo 

such that for any observable /, fihif) ^^°> J2i'^ifi^i)- 

2.2. Quantum hyperbolic automorphisms. An automorphism of T^, or generalized 
cat map, is the diffeomorphism on defined by the action of a matrix A G SL(2,Z) 
on the point x = (^) G T^. The map itself will also be denoted by A. It is uniformly 
hyperbolic on (therefore of Anosov type) iff |tr(74)| > 2. Depending on the sign of the 
trace, the eigenvalues of A are of the form {±e^, ±e~^}, where A > is the Lyapounov 
exponent. The corresponding eigenaxes define the unstable/stable directions at any point 
x G T^, and their projections on the torus make up the unstable and stable manifolds of 
the origin (which is an obvious fixed point). We will use the property that the slopes of 
these axes are irrational, so that both manifolds are dense on T^. 

1 0\ /O 1 



Under the condition A = or mod 2, the linear automorphism A can be 

quantized on any TCh, yielding a unitary matrix of dimension [HIIEI- For simplicity, 
we will assume in the following sections that A is of that form. Yet, this restriction can 
easily be lifted: any matrix A G SL(2, Z) can be quantized on Hh if we restrict to take 
even values, or extend the definition of Hh to allow nontrivial "Bloch angles" E]- All 
our results can be straightforwardly generalized to those cases. 

Let us call the classical translation by the vector v G M^. It can be naturally quantized 
as a unitary matrix TV on Hh iff v belongs to the square lattice (/iZ)^, that is iff v = /ik 
for a certain k G Z^. The operator Thk can also be interpreted as the Weyl quantization 
Oph{Fk) of the complex-valued observable Fi^(q,p) = exp ( — 2'Ki{kip — k2q)) on T^. 

For any h, the following intertwining relation holds between the quantum automorphism 
Ah and the quantized translations: 

(2.4) Vk G Z2, Ahfh^Aj^' = ThA^. ^ Ah Oph{F^) Aj;' = Oph{F^ o A-'). 



Comparing with Eq. ()2.3|) . we see that the above identity realizes an exact Egorov property: 
quantization exactly commutes with time evolution, for arbitrary times t and arbitrary h 
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(H]. This exact equality is characteristic of linear maps, and will be crucial in the next 
sections. 

3. Localized states evolve into equidistributed states 
We define the Ehrenfest time or log-time corresponding to the quantum map Ah by 

^ \ \\ogh\ ' 
[ ^ J ' 

where [.] denotes the integer part (we will always omit to indicate the /i-dependence of T). 

Consider a set of n points S = {xi}-^^^^ on T^, such that for a certain integer d > 0, 
all vectors (xj — Xj) belong to the lattice ^Z^. Assign to each point Xi a weight > 0, 
with X^jQ^j = 1) define the Dirac probability measure Ss,a = ^"=1 '^i^^^ on the torus. 

Proposition 3.1. Suppose that a sequence of states {\fh) G 'Hh}h^o converges to the mea- 
sure 6s,a- Then the sequence of states {Iv^/j) = Aj^\(ph)} is semiclassically equidistributed. 

This property has been proven in a more general setting (higher dimensional automor- 
phisms, time T replaced by a time interval) in |2l Theorem 5.1]. To be self-contained, we 
give below a "fast" proof of this proposition for our case. 

Proof. As a first step, we draw consequences from the assumption ——^ Ss,a, where fj,h 
is the Husimi measure of \(ph)- Denoting by D{xi,a) the disk of radius a > centered 

at Xi, and by D{S,a) =^ U"^^Z^(xj,a) the corresponding neighbourhood of S, the weak-* 

convergence of fih implies that /^/^(T^) 1 and that for any a > 0, ^h{'^\D{S, a)) ^^-^ 0. 
From a standard diagonal argument, one can then construct a decreasing sequence > 0, 

CLh such that 

(3.1) If^hi"^^) ~ M < ah and /i^T^ \ D(5, a,,)) < a,,. 

In a second step, we remark that proving the equidistribution of the sequence {|v?/i)} 
amounts to prove that for any fixed k G Z^, 

(3.2) fi'hiF^) = {A\fhM ^ [ i^k(x) dx = 5k,o. 

The case k = is obvious since /i'/j(T^) = /ife(T^) = yU/i(T^) ^^-^ 1 by assumption. We now 
select a fixed wave vector 7^ k G Z^, and study the above LHS. The intertwining relation 
(I2.4jl allows us to rewrite it as 

(3.3) {<^'h\fhi,\<^'h) = {'^h\Ah^fh]^Al\<^h) = {<^h\fhi,'J^h), 

with the vector k^ = A'^k. From the definition of the Ehrenfest time, the 'large' eigen- 
value of A~'^ is (±e'^)^ = ±C{h)j^, where the prefactor satisfies < C{h) < 1. The 
decomposition of that vector in the eigenbasis of A then reads: 

(3.4) hl^^ = ie^^/ik^*'^^'" ± g-^^/ik""^*'^''^" = ±C(/i)k"*"^'" + ^(/i^). 
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The vector hk'f^ thus has a finite length (bounded from above and from below uniformly 
in h), and is asymptotically parallel to the stable axis. Because the slope of that axis 
is irrational, the distance between /ik^ and the lattice ^Z^ is bounded from below by a 
constant c(k) > uniformly w.r.to h. 

To finish the proof, we write the above overlap as a coherent state integral: 



(3.5) \{^h\fhk'\'^h)\ 



dx 
~h 



{(Ph\x){x\fh]<,'\(ph) 



< 



dx 
~h 



We then split the integral on the RHS between -D(iS, ah) and its complement. The integral 
on D{S,ah) is estimated through a Cauchy-Schwarz inequality: 



D{S,ah) 



dx 

~h 



\{xM\ \{x-hK\ifh)\ < Jfih{D{S,ah)) fih{D{S,ah)-hK). 



Due to above-mentioned property of hk'^ and the fact that G -j'^'^, for small enough 

tth the set D{S,ah) — hk'f^ has no intersection with D{S,ah). As a consequence, using 
(I3.H1 . the second factor on the RHS is bounded above by ^/ah, and the full RHS by 



^y ah{l + ah). The remaining integral over T'^\D{S,ah) admits the same upper bound for 
similar reasons. □ 

Proposition 3.2. Let {S, a) be a finite weighted set of A-periodic points, and v an A- 
invariant probability measure satisfying jy{S) = 0. Suppose that the sequence {\^s,h)}h~>o 
converges semiclassically to the measure Ss,a, and that a second sequence {\^vji)}h^o con- 
verges to V. Then the states \(p's h) = ^h\'^s,h), \v'uh) = ^h\'^'^,h) satisfy: 

Proof. We use similar methods as for the previous proposition. Namely, as in Eq. (j3.3^) we 
rewrite the overlap as 



(3.6) 



{'^'s,h\Thk\'^'u,h) = (Vs^lThk'J'^u^) 



dx 
~h 



'\Vs,h\^)^ATh'k',}Vu,h) 



with /ik'^ given by Eq. ()3.4|1 . We want to cut this integral into two parts. Using the same 
notations as above, the assumptions of the proposition imply the existence of a decreasing 



sequence ah 



such that the Husimi mesures of ips^h and satisfy 



fis^h{^'^\D{S,ah)) < Oh, yU5,fe(T^) < 1 + cth and /i,.,h(T^) < 1 + a/^. 

These inequalities also hold if we replace Oh by any decreasing sequence bh > Oh, bh 
We can now bound the part of the integral (13. 6 j) over the set T'^\D{S,bh): 



0. 



dx 



T2\D(5,feh) 



< 



fXs,h{T''\DiS,bh)) fi,,h{T^) 
< Vhil + bh 



^ 0. 
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The second part of the integral is also estimated by Cauchy-Schwarz: 

dx 



, {^S,h\x){x\ThyJ(p^^h) 



We now show that the sequence hh can be chosen such that the second factor under the 
square root vanishes in the semiclassical limit, so that the full RHS vanishes as well. 
Indeed, using Eq. ()3.4|) and the bound on C{h), one realizes that for h small enough, the 
set -D(i5, hh) — h'k'f^ is contained in the thin "tube" 

T,, = D{S, 26,) + ([-1, -e-^] U [e-\ l])k^*'^^'^ 

As hh 0, this tube decreases to To = 5 + ([-1, -e"^] U [e^^, i])k^*«*^^ that is a union of 
segments of the stable manifold. The following simple lemma is proven in Appendix IbI 

Lemma 3.3. For any invariant probability measure u, any finite set of periodic points S 
and any < a < h < oo, one has v{S + [a, 5]e**'*^'^) = 0, where e'^*"^''^ is a unit vector in 
the stable direction. 

This lemma implies that z^(To) = 0. Since hh \ 0, the regularity of the Borel measure u 
entails: 

lim z/(T5j = z/(To) = 0. 

Since by assumption the Husimi measures jd^ h converge towards z^, one can by a diagonal 
argument choose the sequence &h \ (making sure that hh > ah) such that: 

f^u,h{Tbi,) 0. 

This finally implies that fii,^h{D{S, hh) — hk'f^) ^^°> 0. □ 

4. Maximal localization of the semiclassical measures 
We call T a periodic orbit of A of period T^-, and denote its associated measure by 

We consider a finite set of periodic orbits, associate a weight > to each orbit 
^^jrWr — 1), and construct the pure point invariant measure 

All periodic points of A have rational coordinates, so this measure is a particular instance 
of the measure 5s,a considered in Proposition 13.11 Indeed, grouping the periodic orbits 
of together yields the set of rational points S = Sjr = U^gj^r = {xi, . . . ,a;„}, and the 
weight allocated to each point Xi reads ai = From now on, the two notations 
and 6s,a will refer to the same invariant measure. We now state the central result of this 
article. 
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Theorem 4.1. Let fi be a normalized A-invariant Borel measure of A, and (JF, w) a finite 
weighted set of periodic orbits, /i may be decomposed into n = /9(5jr „, + (1 — where v 
is a normalized invariant measure satisfying viSjr) =0. If ^ is a semiclassical measure of 
A, then its Lebesgue component has a weight > P, which in turn implies (3 < 1/2. 

Any invariant Borel measure jj, G OJlyi can obviously be decomposed in the above way, 
with < /3 < 1. We do not assume the measure z/ to be continuous, but allow it to contain 
a pure point component localized on a (possibly countable) set of periodic orbits disjoint 
with T. The statement of the theorem is of course stronger if we include in (JF, w) as 
many orbits as possible. By a simple limit argument, one may eventually take for v the 
continuous component of /i, allowing (JF, w) to be a countable weighted set of orbits (still 
taking 'YIit^t'^t ~ -'-)■ then obtains Theorem ll.ll as a simple corollary of the one above. 

Proof of Theorem \4.1\ There are two steps in the proof. Let {\iph)}h^o be a sequence of 
eigenstates of Ah admitting fi as semiclassical measure. Our first objective is to decompose 
the state liph) into \ips,h) + \il'u,h) , such that the sequence {\'ips,h)} (resp. {\4'u,h)}) converges 
to the measure PSs^a (resp. the measure (1 — l3)i>). This decomposition will be obtained 
by "projecting" \iph) on appropriate (/i-dependent) small neighboorhoods of 5. 

In the second part we will be guided by the following simple idea. Because liph) is an 
eigenstate of Ah, \iph) oc A^^liph) = AWips^h) + ^HV'v./i) for any t G Z, in particular for 
the Eherenfest time t = T. From Proposition 13. H the sequence of states {Af^lips^h)} is 
equidistributed; together with Proposition [^21 that implies that the semiclassical measure 
of A^liph) (that is, /x) contains a Lebesgue part of weight > p. 

First part: splitting the eigenstates. To "project" the eigenstates in a small neigh- 
bourhood of S, we will use a function G C°°(]R^) satisfying < ^{x) < 1 on R^, {}{x) = 
outside the disk -D(0, 2) and ^{x) = 1 inside the disk -D(0, 1). 

For any (small) r > 0, and any point Xi G S, let ^i,r{x) = J^nez'^ t^( ^~^^'~" ) , which can 
be seen as a smooth function on T^, localized around x,. We will also need the function 
= J2^=i^i,r to take all points of S into account: this function is supported in the 
neighbourhood D{S,2r) of S. There is an tq > such that the disks D{xi,2rQ) do not 
overlap each other, which implies ^i^r'^j^r = if i ^ j. 

Fixing < r < To, we consider the anti-Wick quantization of these functions, and 
use them to decompose \iph)- We first observe that for any Xi G S, 

iiJhWf^lA) ^ PSsA^^,r) + (1 - PH^^,r) = + (1 - P)m,r). 

Furthermore, one has for any pair Xj, Xj G S, 

On the other hand, the regularity of the (Borel) measure v entails: 

Vxj G 5, i^{^i,r) -—^ = and similarly ^{^Ir) 0- 
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From the above limits, one can construct by a diagonal argument a decreasing sequence of 
radii r{h) — ^ such that 

(4.1) Vx„x,-g5, ^ Pa, and ^ 
We now show that the two sequences of vectors 

(4.2) 1^5,.) = = (Id - 1^.) 

provide the desired decomposition of \iph), that is the corresponding sequences respectively 
converge to the measures l36s^a and (1 — /3)z/. The first statement iJ,s,h I35s,a seems 
quite natural: the operator "^^^-^ acts as a "microlocal projector" onto the set S. This 
property is precisely expressed in the following lemma, which we prove in Appendix 1X1 

Lemma 4.2. For any f G C°°(T^) and for any Xi G S, one has 

ii/^^^t%)-/(a:.)^tT/.)ii— 0' 

where ||.|| is the operator norm on Tih- 

This lemma together with the properties M.ljl immediately yield the required limits: 

(4.3) V/ G C°°(T^), {i^sAf^'^\i^s,H) ^ $^/?«./(x.) = (35sM). 

i 

(4.4) (^...I/^^IV'.,.) ^ Kf) - P5sM) = (1 - mf)- 



Second part: playing with time evolution. We will follow a strategy close to the 
one used to prove Proposition 13. II We consider a fixed k G Z^, and focus on the overlap 
{'iph\Th]i\'>Ph) ■ From the semiclassical assumption on one has 

(4.5) (V^h|T,k|^h) ^ /i(i^k) = /955,a(i^k) + (1 - l3)v{F^). 

On the other hand, since \il)h) = \i^s,h) + \i^u,h) is an eigenstate of Ah, one may rewrite 

(4.6) {^|Jh\fh^^^h) = mAfn^.Al\'^h) 

(4.7) = {i^'s,H\Thi.Ws,h) + («jT,k|^^,,)) + «jT,kK,), 

with the notation iV'^h) = Aj^\'^s,h), W^h) — ^hli^i^^h) and T is the Ehrenfest time. We 
are now in position to collect the dynamical results of Section [HI 

• From the asymptotic localization (j4.3^1 of \ips,h) and Proposition 13. IL the first term 
in (I4.7|l converges to pdx^F^) = /35k,o as /i ^ 0. 

• From the properties ()4.3ll4.4jl and Proposition 13. 2[ the cross-terms in (j4.7|) vanish 

in the semiclassical limit: {ipl ^iThklips h) ^ 0. 
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Using Eq. (14. 511 . the last term in ()4.7I1 has therefore the semiclassical behaviour 

Since this limit holds for any k G Z^, it means that the the sequence {{ipl h)} h->o admits 
the semiclassical measure /i — jSdx. Because semiclassical measures are limits of Husimi 
measures, they cannot contain any negative part. Therefore, /i — (3dx must be a posi- 
tive measure, which implies that the Legesgue component of /i has a weight > /?. This 
component being contained in (1 — one has finally (1 — /9) > /5 -v^ /? < 1/2. □ 

5. Remarks and comments 

5.1. On the set of semiclassical measures. Theorem II . II constrains the set of semiclas- 
sical measures 9Jtyi,sc to be a proper subset of the set DJIa of invariant Borel measures. One 
can easily show that TIa,sc is a dosed set of 971^- Indeed, if for any n > the sequence 

= {\'^h,n)}h^o couvcrgcs towards a normalized semiclassical measure /i„, and that in 
turn the measures /i„ weak-* converge to a measure /i, then one can extract a function 

n{h) oo such that {\iph,n{h))}h^o converges to fi. 

Every open neighbourhood of TIa contains a pure point measure of type 6r (r a periodic 
orbit) [lOllIll, therefore Theorem 11.11 implies that the set TIa,sc is nowhere dense in TIa 
{i.e. its interior is empty). 

On the other hand, the results of [7| show that OJIa,sc contains all measures of the type 
Since the measures {6r} are dense in TIa and the set TIa,sc is closed, this implies 

Vz/ G Ma, G aJtA,sc. 

This inclusion together with the constraint imposed by Thm. 11.11 do not suffice to fully 
identify the set 3JIa,sc- We do not know if a singular continuous invariant measure u can 
be a semiclassical measure. The set of invariant continuous measures is dense in OJl^ |T9] . 
so in any case 9JIa,sc cannot contain all continuous invariant measures. 

5.2. About the Ehrenfest time. Proposition 13. II means that any sequence of localized 
states {\(ph)}h^o evolves towards a sequence of equidistributed states at the Ehrenfest 
time T = ii^liii _|_ (9(1). To achieve this goal, the prefactor 1/A defining T is crucial, and 
cannot be modified without stronger assumptions on the localization of \ fh)- Indeed, for 
any e > 0, one can construct a sequence of states \iph) semiclassically localized at the 
origin, such that the evolved states \iph) = ^^^~''^^\Vh) are still localized at the same point. 
Explicitly, consider the coherent state at the origin |0) = |0)/i, and take the sequences 

At the "microscopic scale", the states \iph) and {iph) are very different: the former is stretched 
along the stable axis, the latter along the unstable axis. However, the "length" of both 
states is of the order /i"/^, so this difference of shape is invisible at the measure-theoretic 
level, and both sequences admit the semiclassical measure 6o. 
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On the other hand, there exist an infinite sequence of Planck's constants hf. G N, 
hk ^ such that starting from the states U'lphk)} defined above (locahzed at the origin), 
the evolved states {A^^~^^^'^\tphk)} are localized at the origin as well. These special values of 
h correspond to "short quantum periods" of the quantized cat map [T]. Let us remind that 
for any G N, the quantum cat map is periodic, meaning that there exists P/t G N 
and 9h G [0, 27r] such that A^'' = e^^'^ldh |H1- Besides, there exists an infinite subsequence 
hk —>■ for which these periods are as short as Ph^. = '^T^^. + C'(l)- As a result, one has 

The state on the RHS is close to Iv^^;,) at the microscopic level, and therefore admits 5o for 
semiclassical measure. In conclusion, the time (1 — e)T would be too short, and (1 + e)T 
too long to produce transition localized— >equidistributed described in Prop. 13.11 

5.3. More general maps? Proposition 13.11 can be extended to a broad class of quantized 
ergodic automorphisms on tori of dimension 2d with d > 1 |2| Thm. 5.1]. The precise 
conditions on the automorphism A for the proposition to be satisfied are the following: 

(1) A is ergodic (yet not necessarily hyperbolic), meaning that none of its eigenvalues 
is a root of unity. 

(2) A does not leave invariant any non-trivial proper sublattice of Z^*^. 

(3) Let e'^ be the module of the largest eigenvalue (s) of A and Ex the direct sum of 
the generalized eigenspaces corresponding to eigenvalues of modulus e'^. Then A 
restricted to Ex must be diagonalizable. 

The two last conditions are always satisfied for ergodic automorphisms in the case = 1, 
but not necessarily in higher dimension. One easily checks that Proposition 13.21 (and the 
Lemma Eini it depends on) also holds for higher-dimensional automorphisms satifying the 
above conditions. 

As opposed to the proof of [21 Thm. 1.2], our Thm. 14.11 crucially relies on the two 
dynamical propositions of Section El while the remaining ingredient in the proof of the 
theorem (namely, the splitting of eigenstates into two parts) can be straightforwardly 
transposed to higher dimension. Therefore, Theorems 14.11 and 11.11 also hold in higher 
dimension for the class of ergodic automorphisms described above. We do not know if 
the upper bound 1/2 is sharp in dimension d > 1; in fact, the periods of the quantized 
automorphisms are then >> |log/i| (Z. Rudnick, private communication), which makes 
the construction of |7| irrelevant. 

Back to the 2-dimensional torus, a natural extension of the above results would concern 
the perturbations of the linear map A of the form M = e~^^" o A, where Xh is the vector 
field generated by a Hamiltonian H G C°°(T^). For t sufficiently small, this map is still 
Anosov. The challenge consists in generalizing Propositions 13.11 and 13.21 to those maps, 
with an appropriate definition of the Ehrenfest time. The trick ()3.3^) used in the linear 
case to prove these propositions cannot be used for a nonlinear perturbation, the problem 
starting from the poor control of Egorov's property 1)2.3^ for times of order T. 



12 



FREDERIC FAURE AND STEPHANE NONNENMACHER 



Finally, one may also try to prove a similar property for chaotic flows, e.g. the geo- 
desic flow on a compact Riemann surface of negative curvature. In such a setting, some 
interesting results have been recently obtained by R. Schubert, pertaining to the long-time 
evolution of Lagrangian states, which is a first step towards the proof of Proposition 13.11 
in this setting. 

Acknowledgements: We have benefitted from insightful discussions with R. Schubert, 
and Y. Colin de Verdiere, whose remarks also motivated this work. Both authors acknowl- 
edge the support of the Mathematical Sciences Research Institute (Berkeley) where this 
work was completed. 

Appendix A. Proof of Lemma lOl 

We start by showing that for x outside a small disk around Xj, the state 
asymptotically small (where |x) is a torus coherent state at the point x). More precisely, 
there exists a sequence of radii R{h) \ such that, for any Xi E S and any sequence of 
points {xh € T^} satisfying Xh ^ D{xi, R{h)), then < h"^ for sufficiently small 

h. 

First of all, we recall a couple of estimates on torus coherent states, valid for small 
enough h. 

• for any x G T^, |||x)|| < 2. 

• for any x,y eT"^, one has | {x\y) \ < 5 exp{7r|x — ?/p/2/i}, where \x — y\ denotes the 
torus distance between the points x,y. 

Now, the operator is a combination of projectors \x){x\ for points x in the disk 

D{xi,2r{h)). Therefore, taking i?(/i) = 2r(/i) + A/2/i|log /i| will do the job: anyxh ^D{xi,R{h)) 
and any x G D{xi,2r{h)) satisfy \x — Xh\ > \/2h\\ogh\, which implies for h small enough 
< 5 exp(— 27r/i|log /i|/2/i) < h^. One finally gets 

¥t^k)\^h)\\ < [ ^ Ilk) II \{x\x,)\ < 2h' Vol{D{x,Mh))) < h\ 

JD(xi,2r(h)) 

We are now in position to estimate the operator product 

/^^^t%) = jj{\y)f{y){y\m^ 

by separating the integral into two parts. On the one hand, the integral over T^\D(xj, R{h)) 
is bounded above by 2/i||/||oo from the above results. On the other hand, on -D(xj, R{h)) the 

function f{y) is equal to the function f{xi)+gh{y), where gh{y) {,f{y)-fi.^i))'^iMh){y)- 
Since gh{y) is uniformly bounded on T^, the same arguments as above yield 

The function gh actually decreases uniformly with h due to the smoothness of /: 
hhWoo < sup (1/(1/) - f{xi)\) < 2 \\df\\^R{h). 

\y-x,\<2R{h) 
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This upper bound also applies to the anti-Wick quantization of gh, so that 

Appendix B. Proof of Lemma I!0 

We first replace S by the finite invariant set it generates, S' = U„gz^"('5). We then 

want to prove that if Iq =^ S' + [a, ^Je"**"^'*^ with < a < b, then z^(/o) = if is an invariant 
probability measure. Let no be an integer such that ae^"'' > b. Then, the sets 

J, def ^ino^j^) =S' + [ae^^"«, 5e^^■"«]e^*"'''^ j G Z 

are pairwise disjoint. The invariant measure u will satisfy for any J > 0: 

4 U = E K/.) = (2J+l)K/o). 

Since z^(T^) = 1, one must therefore have = 0. □ 
This lemma can be easily generalized to the case of the higher-dimensional ergodic toral 
automorphisms satisfying the conditions stated in section 15.31 It can also be extended to 
any Anosov map M on T^, the straight segments making up /q being replaced by segments 
of the stable manifolds of a set of periodic points. 
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